Abstract. Given a choice of metric on the Riemann surface, the regularized determinant of Laplacian (analytic torsion) is defined via the complex power of elliptic operators:
Introduction
Let (X σ , g) be a compact connected smooth Riemann surface without boundary (which we henceforth abbreviate as compact Riemann surface). The metric Laplacian is defined to be ∆ g (f ) = 1 det(g)
The regularized determinant of the metric Laplacian (which we henceforth abbreviate as analytic torsion) is defined to be det(∆ g ) = exp(−ζ where P is the projection operator onto the kernel of the Laplacian. This may be viewed as a 'secondary global invariant' that gives spectral properties of X σ missing from the information of kernel and cokernel of an elliptic operator. Unlike the index, it is well known that there is no formula expresses analytic torsion as the integral of a local quantity. As a result, estimation and evaluation of analytic torsion is difficult in general. In particular, for compact Riemann surface of g > 1 with fixed area equal to 1, [OPS] proved the unique upper bound is associated to the metric of constant negative curvature.
Our motivation of the present work stems from number theory. From the point of view of Arakelov theory ( [Arakelov1977] ), X σ corresponds to the information from archimedean places: If we consider C = X η as semi-stable algebraic curve over a number field K, then we can extend it to a scheme X over B = Spec(O K ). The theory of arithmetic surfaces can then be used to prove results about C. However, such construction would necessarily incorporate information from archimedean places of K. If we use S = S f ∪ S inf to denote the different places of K, then X σ , σ ∈ S inf corresponds to compatification of C after base change to C. What had been missing is a cohomology theory associated to a metrized line bundle on X. We have the following conjecture due to Bost ([Bost2017] ): Conjecture 1.1 (Positivity of h 1 ). Let π ∶ X → B = Spec(O K ) be an integral, flat, projective scheme of dimension 2. Let L be a metrized line bundle on X. Then for a potential reasonable cohomology theory associated to X, h 1 (X, L) is non-negative. Further, h 1 should be related to det(∆ ∂ * ∂ ) or Quillen metric in one way or the other.
Here ∂ * ∂ stands for the Dolbeault Laplacian associated to the metrized line bundle.
There has not been much progress in the conjecture since 2017. We note that it is crucial that we restrict ourselves to metric (scalar) Laplacian under Arakelov metric. As we mentioned earlier, the paper [OPS] showed such estimate is already very subtle even for hyperbolic metric. For example, the precise extreme metric for g ≥ 2 is unknown. On the other hand, for the set up of Conjecture 1.1, we are really concerned with the Dolbeault Laplacian instead of the metric Laplacian. For the general situation, the two metrics are related by Weitzenbck formula (or the so called Bochner-Kodaira-Nakano identity). For spin line bundle L, the analytic torsion of two Laplacians are related by the 'spin 1 2 formula':
where the constant C g is only dependent upon g and A is the area of the Riemann surface. For a reference we refer to [Bost1986] and his earlier paper with Nelson [Bost1987-2]. Ideally we would like to obtain an upper bound of the type
where D g is certain constant only depend upon g. Then we may answer the analytical part of Conjecture 1.1 affirmatively in the original context with the restriction of Arakelov metric and spin bundles. To prove the above conjectured inequality, the crucial part would be a study of the asymptotic properties of the term near the DeligneMumford boundary. However, due to time constraint I am not able to estimate the above quantity effectively. Instead, what presented here is an effective upper bound of the regularized determinant of the metric Laplacian.
With the present result available, we have some incentive to extend it to more general cases for arbitrary metrized line bundle over a compact Riemann surface under Arakelov metric, which may be a topic for further study. One method we consider potentially useful is the insertion theorem proved by Faltings and Bost for Faltings' metric and Quillen metric respectively.
The present paper presents the following theorem:
be an integral, flat, projective scheme of dimension 2. Let σ ∶ K → C be a fixed archimedean place of K. Let ∆ Ar denotes the metric Laplacian associated to Arakelov metric on X σ .
(i) (Effective upper bound) We have the following effective estimate of the analytic torsion under Arakelov metric: For g large enough (g > 3, for example):
In particular, for g > 1 the analytic torsion under Arakelov metric is always effectively bounded from above. (ii) (Comparison of two metrics) The difference of Faltings metric and Quillen metric's logarithm has an asymptotic lower bound by a constant. The constant only depends on g.
The organization of the paper is as follows: In section 2 we review the main background notation and previous work on this topic. In section 3 we present the proof, which is rather trivial. In section 4 we mention some topics the author believe worth consideration for further study. Without the emotional support from friends like Jingyu Zhao, Oleg Lazerev and Zana Chan, the paper probably would never have been written down and I would be sweating on Leetcode instead.
For obvious reasons, I am indebted to Prof. Vasiu.
Review of background material
The main point for this section is to set notation and review work done by experts in the field. We first recall that Arakelov considered a metric on X σ whose area is 1:
Definition 2.1. Let X σ be a Riemann surface of genus g > 1. Let α j be an orthonormal basis of holomorphic 1-forms on X σ with scalar product
Then the volume form given by
This essentially is the metric induced from the embedding of the curve via the AbelJacobi map. In complex geometry, some people call it as Peterson metric.
We now proceed to define the Arakelov metric ([Wilms 2016]).
be Green function if it satisfies the following properties:
• G σ (P, Q) has a first order zero on the diagonal, and it is non-zero if P = Q.
• If P = Q, then we require
Let σ be an archimdean place of K. We fix the embedding σ and let M = X σ be a fixed Riemann surface. Then we have so called Poincare residue isomorphism:
where ∆ is the diagonal. Using Green functions, we may define a metric on the dual space O M ×M (∆). Let 1 ∆ be its canonical section, then we define the metric by (− log 1 ∆ )(P, Q) = log G(P, Q) Definition 2.3. The dual metric of above metric on O M ×M (−∆) is the so called Arakelov metric. To be precise, we consider the diagonal morphism
and let µ * be the pull-back metric on Ω 1 (M). We want to mention the motivation of this construction (see [Arakelov1977] ): Classical adjunction formula suggests that
This can be seen from the conormal exact sequence induced from the inclusion map
Arakelov wants the adjunction formula isomorphism to be an isometry for the case
Since the metric at O P is given by G(P, Q), we have the Arakelov metric to be
In 1984, while working on an arithmetic analog of Riemann-Roch theorem for arithmetic surfaces, Faltings proved the arithmetic Noether formula [Faltings1984] : As before we begin with a curve C over a number field K. After a finite field extension, we may assume C has semi-stable reduction over K. Further we denote by X the minimal regular model of C over B = Spec(O K ). We have:
By the geometric analogy, the interpretation of the formula is straightforward: The extra terms δ i on the right hand side measures the degree of singularity of X . Thus it should 'blow up' on the boundary of the moduli space M g .
In 1987, Deligne proved a version of Riemann-Roch theorem using analytic torsion. In 1988 Bost, Gillet and Soule refined his result. They found that
where
and a(g) = −8g log(2π) + (1 − g)(−24ζ ′ Q (−1) + 1 − 6 log(2π) − 2 log(2)) It is thus clear that δ F al (X)'s growth only depend on the analytic torsion and the area of X under Arakelov metric. The original computation of a(g) in Soule's paper [Soule1988] turned out to be incorrect, most notably an sign error (g − 1) instead of 1 − g. Later in 2008, Richard Wentworth re-derived the correct formula in his paper [Wentworth2009] .
In [JK2001] and [JK2006] , Jorgenson and Kramer systematically investigated the area of a compact Riemann surface under Arakelov metric. We note that everything below is only valid for g > 1. Their result, presented in compact form, is that log(
where µ hyp (z) denotes the hyperbolic metric and µ Ar (z) denotes the Arakelov metric. The constant K H (t, 0) is the hyperbolic heat kernel, and the associated integral may be explicitly bounded by
Thus for g > 1, the constant term in the above sum may be evaluated to be bounded above by c sel ≥ −4 log(1366(g − 1)) As a result we have log( µ Ar (z) µ hyp (z) ) ≤ 1 + 4 log(1366(g − 1)) g(g − 1) Exponentiate both sides and integrate, we have
where we used the fact for hyperbolic surfaces the area is given by 4π(g − 1) (GaussBonnet).
In 2016, Robert Wilms proved in a landmark paper ([Wilms 2017]) that
for all g > 1. We refer the reader to his thesis for a detailed exposition of his paper.
Proof of main theorem
By combing Wilms' result and Wentworth's result mentioned earlier, we have
and a(g) = −8g log(2π) + (1 − g)(−24ζ ′ Q (−1) + 1 − 6 log(2π) − 2 log(2)) To ease notation we ignore the Ar in the subscript. Rearranging and clearing off the terms, we have log(det(∆)) < log(2π 4 ) 3 g + 1 6 a(g) + log(Area(X))
By previous computation we have
We now focus on the leading term of size O(g). Combining with the first term we have an effective asymptotic upper bound to be
′ Q (−1) + 1 − 6 log(2π) − 2 log(2)))g The constants can be explicitly evaluated to be
As a result we have the final effective estimate to be (valid for all g > 1:)
where E(g) ≤ 2 log(g) < 0.44g for g large enough. As a result the whole term is asymptotically bounded by g. We have the following effective formula for E(g):
log(1366(g−1))+(−24ζ ′ Q (−1)+1−6 log(2π)−2 log(2))
In particular for g > 3, we have E(g) < 0.44g. Thus for the above estimate, it suffice to let g > 3.
Corollary 3.1. For a compact Riemann surface of genus g > 1, the difference of Faltings metric and Quillen metric's logarithm has an asymptotic lower bound by a constant. The constant only depends on g.
Proof.
We cite a result in Bost's paper ([Bost1987-2], page 773):
where C(g) is some constant only depend on g in the bosonization formula. Taking logarithm on both sides, we get
So the difference is essentially given by log(A) − log(∆)
By above evaluation, we know the first term is of growth order O(log(g)), while the second term has no lower bound on M g . As a result there is no constant upper bound possible. For the lower bound, we notice that by corollary 5.2 for large enough g, we have log(det) < g As a result we have a concrete lower bound:
which is a constant only depend on g. Since we do not have any effective estimate of C(g) in Bost's paper, we do not have any effective estimate of the lower bound.
Topics for further study
We have mentioned the original motivation of the paper. Within the scope of this paper, there are quite a few topics we consider worth of further study: However, some rough attempts showed that any such magic improvement would be contingent upon effective estimate of h 1 independent of the algebraic curve C. Thus this may be a very difficult subject for further study.
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